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THE LAPLACIAN SPECTRUM OF POWER GRAPHS OF SOME
FINITE ABELIAN p-GROUPS
ANKIT RAJ AND SHUBH N. SINGH
Abstract. The power graph G(G) of a group G is a simple graph whose
vertices are the elements of G and two distinct vertices are adjacent if one is
a power of other. In this paper, we investigate the Laplacian spectrum of the
power graph G(Zn
pm
) of finite abelian p-group Zn
pm
. In particular, we prove that
the spectrum of group Zn
pm
is contained in the Laplacian spectrum of graph
G(Zn
pm
). For a finite abelian group G whose power graph G(G) is planar, we
also prove that the spectrum of group G is contained in the Laplacian spectrum
of graph G(G).
1. Introduction
The concept of groups and graphs have various points of contact and their con-
nections have been well studied in the literature. Kelarev and Quinn in their seminal
paper [13] introduced the notion of power digraph of a semigroup as a digraph whose
vertex set is the semigroup, and there is an arc from vertex u to the other vertex
v whenever v is a power of u. Motivated by this concept, Chakrabarty, Ghosh and
Sen [6] defined the power graph G(S) of a semigroup S as a simple graph with S as
its vertex set, and there is an edge between two distinct vertices if one is a power
of the other. The topic of power graphs has continued to attract the attention of
many researchers [1].
It can be easily seen that the power graph of a finite group is connected. For a
finite group G, Chakrabarty et al. [6] proved that the power graph G(G) is complete
if and only if G is a cyclic group of order pm for some prime number p and non-
negative integer m. Cameron and Ghosh [5] proved that two finite abelian groups
with isomorphic power graphs are isomorphic. Further, they conjectured that two
finite groups with isomorphic power graphs have the same number of elements of
each order. In [4], Cameron proved the conjecture affirmatively. Cameron and
Ghosh [5] listed finite groups which have the same automorphism group as its
power graph. Chelvam and Sattanathan [11] listed finite abelian groups whose
power graphs are planar. The power graphs have been characterized for different
types of finite groups [7, 11, 15].
A finite simple graph can be represented by different kinds of square matrices.
The eigenvalues of these matrices have been of deep interest for combinatorics and
graph theory. In this context, researchers have studied adjacency spectrum and
Laplacian spectrum of power graphs of finite groups. Chattopadhyay and Panigrahi
[8] studied Laplacian spectrum and algebraic connectivity of the power graph of
additive finite cyclic group and the dihedral group. Further, they concluded that
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the power graph of additive cyclic group of order n and the dihedral group of order
2n are Laplacian integral when n is either a prime power or a product of two distinct
primes. Mehranian et al. [16] computed the adjacency spectrum of power graphs
of cyclic groups, dihedral groups, elementary abelian groups of prime power order
and the Mathieu group M11. The matrices of the power graphs of certain finite
groups have also been studied in different contexts [9, 10].
The remainder of the paper is organized as follows. In Section 2, we introduce
our notation, recall the necessary concepts, and then state some necessary known
results. The main results are presented in Section 3. Finally, Section 4 concludes
the paper.
2. Preliminaries and Notation
In this section we introduce some basic concepts of groups, graphs, and matrices
and fix the notation used throughout this paper. The symbols p and n are always
used to denote a prime number, and a positive integer, respectively. We use φ(n)
to denote the value of the Euler’s totient function at positive integer n.
Let G be a finite group. The order of G is denoted by |G| and the order of
an element g ∈ G by |g|. The spectrum of G, denoted as ω(G), is the set of
its element orders. The cyclic subgroup of G generated by g ∈ G is denoted by
〈g〉. The symbol Zm stands for the cyclic group of order m. We always assume
Zm = {0, 1, . . . ,m−1}. The notation Znm means that the direct product of n copies
of Zm. All further unexplained notation and terminology of groups we refer [12].
Let Γ = (V,E) be a finite simple graph. The degree of a vertex v of Γ is denoted
by deg(v). A complete graph on n vertices is denoted by Kn. Let Γ = (V,E) and
Γ′ = (V ′, E′) be two disjoint finite simple graphs. The union of Γ and Γ′, denoted
Γ∪Γ′, is a graph whose vertex set is V ∪ V ′ and edge set is E ∪E′. We shall write
kΓ for the union of k disjoint copies of Γ. The join of Γ and Γ′, denoted Γ+Γ′, is a
graph whose vertex set is V ∪V ′ and edge set is E ∪E′ ∪{{v, v′} | v ∈ V, v′ ∈ V ′}.
We say that the graph Γ is planar if Γ can be embedded in the plane so that no
two edges intersect except at a vertex.
Let Γ be a finite simple graph. Its Laplacian matrix is the matrix L(Γ) =
D(Γ) − A(Γ), where D(Γ) is the diagonal matrix of vertex degrees of Γ and A(Γ)
is the adjacency matrix of Γ. The Laplacian polynomial of Γ, denoted as Θ(Γ, x),
is the characteristic polynomial of L(Γ). The eigenvalues of L(Γ) are called the
Laplacian eigenvalues of Γ. A graph is called Laplacian integral if all its Laplacian
eigenvalues are integers. The Laplacian spectrum of Γ, denoted as L-spec(Γ), is
the multiset of its Laplacian eigenvalues. Note that L(Γ) is a positive semi-definite
matrix. It therefore has non-negative real eigenvalues. If 0 = µ1 < µ2 < · · · < µt
are distinct Laplacian eigenvalues of Γ with algebraic multiplicity m1,m2, . . . ,mt,
respectively, then we shall denote the Laplacian spectrum of Γ by L-spec(Γ) =
{µm11 , µ
m2
2 , . . . , µ
mt
t }. For further basic definitions concerning graphs and matrices
associated with graphs we refer [2, 18]. We end this section with the following
known results which we require in the next section.
Theorem 2.1. [17] Let Γ be the disjoint union of graphs Γ1,Γ2, . . . ,Γk. Then
Θ(Γ, x) =
k∏
i=1
Θ(Γi, x).
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Theorem 2.2. [14] Let Γ1 and Γ2 be two disjoint graphs with n1 and n2 vertices,
respectively. Then
Θ(Γ1 + Γ2, x) =
x(x− n1 − n2)
(x− n1)(x− n2)
Θ(Γ1, x− n2)Θ(Γ, x− n1).
Theorem 2.3. [6] Let G be a finite group. The power graph G(G) is complete if and
only if G is a cyclic group of order pm for some prime number p and non-negative
integer m.
Theorem 2.4. [15] For any prime number p and two positive integers m and n,
G(Znpm) ∼= K1 +
pn − 1
p− 1
(
Kφ(p) + p
n−1
(
Kφ(p2) + p
n−1(· · ·+ pn−1Kφ(pm))
)
· · ·
)
.
3. Main Results
In [3], a flower graph is a block graph with only one cut vertex. We know that
every non-trivial cyclic group has at least one generator. It is easy to see that the
power graph G(Zm) of the cyclic group Zm is not a flower graph. By Theorem 2.4,
we immediately observe the following.
Theorem 3.1. The power graph G(Znpm ) is a flower graph if and only if n ≥ 2 and
m = 1.
One of the original motives of this paper is to determine the Laplacian spectrum
of planar power graphs of finite abelian groups. In [11], it is proved that the power
graph G(G) of a finite abelian group G is planar if and only if G is isomorphic to
one of the following abelian groups: Zn2 , Z
n
3 , Z
n
4 , Z
r
2 × Z
s
4. In this context we find
the Laplacian spectrum of the power graphs G(Znpm ) and G(Z
r
2×Z
s
4) in the following
two subsections.
3.1. Laplacian spectrum of power graph G(Znpm). In this subsection we deter-
mine the Laplacian polynomial of the power graph G(Znpm) and observe that the
spectrum of group Znpm is contained in the Laplacian spectrum of graph G(Z
n
pm).
By using Theorem 2.1 and Theorem 2.2, we have the following.
Lemma 3.2. For each integer i (1 ≤ i ≤ m − 1), the Laplacian polynomial
Θ
(
Kφ(pi) + p
n−1
(
Kφ(pi+1) + p
n−1(· · ·+ pn−1Kφ(pm))
)
· · ·
)
, x− pi−1) is
(x − pi−1)
(
x− pi − pn−1
(
φ(pi+1) + pn−1(· · ·+ pn−1φ(pm)) · · ·
))φ(pi)
{Θ
(
Kφ(pi+1) + p
n−1
(
Kφ(pi+2) + p
n−1(· · ·+ pn−1Kφ(pm))
)
· · ·
)
, x− pi)}p
n−1
(x− pi)
.
The next theorem gives the Laplacian polynomial of the power graph G(Znpm).
Theorem 3.3. The Laplacian polynomial of the power graph G(Znpm) is
x(x − pmn)(x− 1)l−1(x− pm)lp
(m−1)(n−1)(φ(pm)−1)
(
m−1∏
i=1
(x − pi)lp
(i−1)(n−1)(pn−1−1)
)
(
m−1∏
i=1
(
x− pi − pn−1
(
φ(pi+1) + pn−1(· · ·+ pn−1φ(pm)) · · ·
))lp(i−1)(n−1)φ(pi))
,
where l = p
n
−1
p−1 .
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Proof. By using Theorem 2.1 and Theorem 2.2, we get the Laplacian polynomial
Θ(G(Znpm), x) = x(x− p
mn)
{Θ
(
Kφ(p) + p
n−1
(
Kφ(p2) + p
n−1(· · ·+ pn−1Kφ(pm))
)
· · ·
)
, x− 1)}l
(x − 1)
Using Theorem 2.1, Theorem 2.2, and Lemma 3.2, the above polynomial will be
= x(x − pmn)(x− 1)l−1
(
x− p− pn−1
(
φ(p2) + pn−1(· · ·+ pn−1φ(pm)) · · ·
))lφ(p)
{Θ
(
Kφ(p2) + p
n−1
(
Kφ(p3) + p
n−1(· · ·+ pn−1Kφ(pm))
)
· · ·
)
, x− p)}lp
n−1
(x− p)l
Using Theorem 2.1, Theorem 2.2, and Lemma 3.2, the above polynomial will be
= x(x − pmn)(x− 1)l−1
(
x− p− pn−1
(
φ(p2) + pn−1(· · ·+ pn−1φ(pm)) · · ·
))lφ(p)
(x − p)l(p
n−1
−1)
(
x− p2 − pn−1
(
φ(p3) + pn−1(· · ·+ pn−1φ(pm)) · · ·
))lpn−1φ(p2)
{Θ
(
Kφ(p3) + p
n−1
(
Kφ(p4) + p
n−1(· · ·+ pn−1Kφ(pm))
)
· · ·
)
, x− p2)}lp
2(n−1)
(x− p2)lpn−1
Using Theorem 2.1, Theorem 2.2, and Lemma 3.2, the above polynomial will be
= x(x − pmn)(x− 1)l−1
(
x− p− pn−1
(
φ(p2) + pn−1(· · ·+ pn−1φ(pm)) · · ·
))lφ(p)
(x− p)l(p
n−1
−1)
(
x− p2 − pn−1
(
φ(p3) + pn−1(· · ·+ pn−1φ(pm)) · · ·
))lpn−1φ(p2)
(x− p2)lp
n−1(pn−1−1)
(
x− p3 − pn−1
(
φ(p4) + pn−1(· · ·+ pn−1φ(pm)) · · ·
))lp2(n−1)φ(p3)
{Θ
(
Kφ(p4) + p
n−1
(
Kφ(p5) + p
n−1(· · ·+ pn−1Kφ(pm))
)
· · ·
)
, x− p3)}lp
3(n−1)
(x− p3)lp2(n−1)
Continuing this process up to (m− 1)th step, we get
= x(x − pmn)(x− 1)l−1
(
x− p− pn−1
(
φ(p2) + pn−1(· · ·+ pn−1φ(pm)) · · ·
))lφ(p)
(x− p)l(p
n−1
−1)
(
x− p2 − pn−1
(
φ(p3) + pn−1(· · ·+ pn−1φ(pm)) · · ·
))lpn−1φ(p2)
(x− p2)lp
n−1(pn−1−1)
(
x− p3 − pn−1
(
φ(p4) + pn−1(· · ·+ pn−1φ(pm)) · · ·
))lp2(n−1)φ(p3)
· · · (x− pm−2)lp
(m−1)(n−1)(pn−1−1)(x− pm−1 − pn−1φ(pm))lp
(m−2)(n−1)φ(pm−1)
{Θ(Kφ(pm), x− p
m−1)}lp
(m−1)(n−1)
(x− pm−1)lp(m−2)(n−1)
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= x(x − pmn)(x− 1)l−1
(
x− p− pn−1
(
φ(p2) + pn−1(· · ·+ pn−1φ(pm)) · · ·
))lφ(p)
(x− p)l(p
n−1
−1)
(
x− p2 − pn−1
(
φ(p3) + pn−1(· · ·+ pn−1φ(pm)) · · ·
))lpn−1φ(p2)
(x− p2)lp
n−1(pn−1−1)
(
x− p3 − pn−1
(
φ(p4) + pn−1(· · ·+ pn−1φ(pm)) · · ·
))lp2(n−1)φ(p3)
{(x− pm−1)(x − pm)φ(p
m)−1}lp
(m−1)(n−1)
(x − pm−1)lp(m−2)(n−1)
= x(x − pmn)(x− 1)l−1(x− pm)lp
(m−1)(n−1)(φ(pm)−1)
(
m−1∏
i=1
(x− pi)lp
(i−1)(n−1)(pn−1−1)
)
(
m−1∏
i=1
(
x− pi − pn−1
(
φ(pi+1) + pn−1(· · ·+ pn−1φ(pm)) · · ·
))lp(i−1)(n−1)φ(pi))
,
as desired. This completes the proof. 
For a finite abelian group G, the set ω(G) consists of all positive divisors of |G|.
Therefore, we have the following straightforward corollary of the Theorem 3.3.
Corollary 3.4. For integer n > 1, we have ω(Znpm) ⊆ L-spec(G(Z
n
pm )).
If n = 1, the Corollary 3.4 is not necessarily true as shown in the following
Example 3.5.
Example 3.5. Consider the finite abelian group Z8. By Theorem 2.3, the power
graph G(Z8) is isomorphic to K8. It is well-known that L-spec(Kn) = {01, nn−1},
therefore we have L-spec(G(Z8)) = {01, 87}. Since Z8 is abelian, therefore ω(Z8) =
{1, 2, 4, 8} and consequently ω(Z8) * L-spec(G(Z8).
The following corollary is a straightforward consequence of the Theorem 3.3.
Corollary 3.6.
(i) The total number of distinct Laplacian eigenvalues of the power graph G(Znpm )
is 2(m+ 1).
(ii) The power graph G(Znpm) is Laplacian integral.
3.2. Laplacian spectrum of power graph G(Zr2 × Z
s
4). In this subsection we
determine the Laplacian polynomial of the power graph G(Zr2 × Z
s
4). Furthermore,
for a finite abelian group H whose power graph G(H) is planar, we observe that
the spectrum of group H is contained in the Laplacian spectrum of graph G(H).
Throughout this subsection, we use G to denote the finite abelian group Zr2 × Z
s
4.
Clearly |G| = 2r+2s. Before computing the Laplacian spectrum of the power graph
G(G), we prove some necessary results.
Theorem 3.7. The total number of elements of order two and order four in group
G are 2r+s − 1 and 2r+s(2s − 1), respectively.
Proof. By Cauchy’s Theorem, group G has at least one element of order two. We
first count the number of elements of order two in group G.
Let α = (α1, . . . , αr, αr+1, . . . , αs) be an arbitrary element of order two in G.
Then αi ∈ {0, 2} ( Z4 for all i (r+1 ≤ i ≤ s). Since |α| = 2, it follows that αi 6= 0
for some i (1 ≤ i ≤ s). Hence the total number of elements of order two in G is
2r+s − 1.
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Note that G also has at least one element of order four. Since |G| = 2r+2s and
identity is the only element of order one, therefore the total number of elements of
order four in G is
2r+2s − (2r+s − 1)− 1 = 2r+s(2s − 1).

Theorem 3.8. Let α = (α1, . . . , αr, αr+1, . . . , αs) be an element of order two in G.
Then α ∈ 〈x〉 for some x ∈ G of order four if and only if αi = 0 for all i (1 ≤ i ≤ r).
Proof. Let x = (x1, . . . , xr, xr+1, . . . , xs) be an element of order four in G such that
α ∈ 〈x〉. Then 2x = α and therefore 2xi = αi for all i (1 ≤ i ≤ s). We claim that
αi = 0 for all i (1 ≤ i ≤ r). If not, let αk = 1 for some k (1 ≤ k ≤ r). Then 2xk = 1
which is a contradiction since xk ∈ Z2.
Conversely, we assume that αi = 0 for all i (1 ≤ i ≤ r). Consider an element
x = (x1, . . . , xr, xr1 , . . . , xs) of order four in G such that xi = 0 for i (1 ≤ i ≤ r),
and for i (r + 1 ≤ i ≤ s), if
(i) αi = 0, then xi = 0
(ii) αi 6= 0, then xi = 1.
We claim that α ∈ 〈x〉. Since xi = 0 for all i (1 ≤ i ≤ r), it follows that 2xi = 0 = αi
for i (1 ≤ i ≤ r).
Now for i (r + 1 ≤ i ≤ s), if αi = 0, then xi = 0 and therefore 2xi = 0 = αi.
Further, if αi 6= 0, then αi = 2. In this case xi = 1 which gives 2xi = 2 = αi.
Consequently 2x = α, as desired. This completes the proof. 
The following result characterizes the degree of an element of order two in G.
Theorem 3.9. Let α = (α1, . . . , αr, αr+1, . . . , αs) be a vertex in graph G(G) such
that |α| = 2. If
(i) αi 6= 0 for some i (1 ≤ i ≤ r), then deg(α) = 1.
(ii) αi = 0 for all i (1 ≤ i ≤ r), then deg(α) = 2
r+s + 1.
Proof. Note that the identity element is adjacent to every vertex of G(G). Therefore
deg(α) ≥ 1. If β is another vertex of G(G) such that |β| = 2, then clearly α and β
are non-adjacent in G(G).
(i) From Theorem 3.8, it is obvious that deg(α) = 1.
(ii) From Theorem 3.8, there is an element of order four in G such that the
element is adjacent to α in G(G). Therefore, it is sufficient to count the number of
elements of order four in G which are adjacent to α.
Let x = (x1, . . . , xr, xr+1, . . . , xs) be an element of order four in G such that x
is adjacent to α in G(G). Then 2x = α and therefore 2xi = αi for all i (1 ≤ i ≤ s).
For i (1 ≤ i ≤ r), since αi = 0, it follows that 2xi = 0. Therefore, for all
i (1 ≤ i ≤ r), the equations 2xi = 0 has 2
r solutions.
For i (r + 1 ≤ i ≤ s), since |α| = 2, we have αi ∈ {0, 2}. If αi = 0, then
2xi = 0 and therefore xi ∈ {0, 2}. If αi = 2, then 2xi = 2 and therefore xi ∈ {1, 3}.
Therefore, for all i (r + 1 ≤ i ≤ s), the equations 2xi = αi has 2
s solutions.
Thus there are 2r+s elements of order four in G which are adjacent to α in power
graph G(G) and consequently deg(α) = 2r+s + 1. 
Proposition 3.10. The total number of elements of order two in group G having
degree 1 and degree 2r+s + 1 in G(G) are 2s(2r − 1) and (2s − 1), respectively.
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Proof. Let α = (α1, . . . , αr, αr+1, . . . , αs) be an element of order two in G. If
deg(α) = 2r+s + 1, then αi = 0 for all i (1 ≤ i ≤ r). Since |α| = 2, it follows that
αi ∈ {0, 2} for all i (r+1 ≤ i ≤ s). Therefore the total number of elements of order
two in G having degree 2r+s + 1 in G(G) is (2s − 1).
From Theorem 3.7, the total number of elements of order two in G is 2r+s − 1.
Therefore the total number of elements of order two in G having degree one in G(G)
is (2r+s − 1)− (2s − 1) = 2s(2r − 1). 
As a direct consequence of Theorem 3.9 and Proposition 3.10, we have the fol-
lowing immediate theorem that describes the power graph G(G).
Theorem 3.11. G(G) ∼= K1 +
(
2s(2r − 1)K1 ∪ (2
s − 1)(K1 + 2
r+s−1K2)
)
.
The next theorem computes the Laplacian spectrum of the power graph G(G).
Theorem 3.12. The Laplacian polynomial of the power graph G(G) is
x(x−1)2
r+s
−2(x−2)(2
s
−1)(2r+s−1−1)(x−4)2
r+s−1(2s−1)(x−2−2r+s)2
s
−1(x−2r+2s).
Proof. From Theorem 3.11, we have
G(G) ∼= K1 +
(
2s(2r − 1)K1 ∪ (2
s − 1)(K1 + 2
r+s−1K2)
)
.
By using Theorem 2.2, we get the following Laplacian polynomial Θ(G(G), x):
x(x− 2r+2s)
(x− 1)(x− 2r+2s + 1)
Θ(K1, x− 2
r+2s + 1)Θ(2s(2r − 1)K1 ∪ (2
s − 1)(K1 + 2
r+s−1K2), x− 1)
=
x(x − 2r+2s)
(x− 1)
Θ(2s(2r − 1)K1 ∪ (2
s − 1)(K1 + 2
r+s−1K2), x− 1)
=
x(x − 2r+2s)
(x− 1)
(Θ(K1, x− 1))
2s(2r−1) (
Θ(K1 + 2
r+s−1K2, x− 1)
)2s−1
(using Theorem 2.1)
Again by using Theorem 2.1 and Theorem 2.2 to the above polynomial, we get
=
x(x − 2r+2s)
(x− 1)
(x− 1)2
s(2r−1)
(
(x − 1)(x− 2− 2r+s)
(x − 2)(x− 1− 2r+s)
Θ(K1, x− 1− 2
r+s) (Θ(K2, x− 2))
2r+s−1
)2s−1
=
x(x − 2r+2s)
(x− 1)
(x− 1)2
s(2r−1)
(
(x − 1)(x− 2− 2r+s)
(x− 2)
((x− 2)(x− 4))
2r+s−1
)2s−1
= x(x − 1)2
r+s
−2(x− 2)(2
s
−1)(2r+s−1−1)(x− 4)2
r+s−1(2s−1)(x − 2− 2r+s)2
s
−1(x− 2r+2s).

We know that ω(Zr2 ×Z
s
4) = {1, 2, 4}. Therefore, we have the following straight-
forward corollary of the Theorem 3.3 and Theorem 3.12.
Corollary 3.13. Let H be a finite abelian group such that the power graph G(H)
is planar. Then
(i) ω(H) ⊆ L-spec(G(H)).
(ii) the graph G(H) is Laplacian integral.
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4. Conclusions
In the present paper, we determined the Laplacian spectrum of the power graphs
G(Znpm) and G(Z
r
2 × Z
s
4). We proved that the spectrum of group Z
n
pm is contained
in the Laplacian spectrum of graph G(Znpm). We also derived a precise formula for
the total number of distinct Laplacian eigenvalues of the graph G(Znpm). Finally,
for a finite abelian group G whose power graph G(G) is planar, we proved that the
spectrum of group G is contained in the Laplacian spectrum of graph G(G).
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